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Abstract

We investigate the existence of uniformly optimal stationary policies in Markov
Decision Processes (MDPs) under epistemic (parameter) uncertainty that are opti-
mal for any initial distribution. Our study is conducted within two complementary
frameworks. For robust MDPs, we establish that (s- and sa-) rectangular models
are equivalent to the existence of uniformly optimal stationary policies and provide
several interesting counterexamples, including a simple r-rectangular instance with
only history-dependent optimal policies. For ambiguity-averse MDPs where the
uncertain transition kernel is a random variable, and the return is evaluated via a
law-invariant risk measure, we show that uniformly optimal stationary policies
can exist only for the essential supremum or essential infimum (under mild mono-
tone continuity assumptions), thus excluding other risk measures such as CVaR,
VaR, and the Entropic Risk Measure. We conclude our work by relating dynamic
programming and the existence of uniformly optimal policies. One of the main
takeaways of our impossibility results is the need for new models to go beyond
uniformly optimal stationary policies.

1 Introduction

In this paper, we study the structural properties of Markov decision processes (MDPs) and their
optimal policies [21]. A particularly interesting feature of the MDP framework for sequential decision-
making is that optimal policies enjoy remarkably simple structural properties. First, optimal policies
may be chosen to be stationary, that is, the action depends only on the current state and not on the full
history. Second, they may also be taken to be deterministic, meaning that the same action is always
selected whenever the system visits the same state. Finally, there exists a stationary deterministic
policy that is optimal for every initial distribution. Such a policy is known as uniformly optimal. These
structural properties simplify both the learning and implementation of policies, while also supporting
interpretability in high-stakes applications such as vehicle routing [19] and healthcare [8, 25].

The existence of uniformly optimal stationary deterministic policies is well understood only in
nominal MDPs, which assume a known and fixed MDP model. In practice, the MDP model is
subject to estimation errors, often referred to as epistemic uncertainty, which must be accounted for
in any assertion of optimality. Many frameworks have been proposed to study this issue. Robust
MDPs (RMDPs) optimize for the worst-case parameters within an uncertainty set [28]. There
exist several different models of uncertainty sets in the literature, e.g., s-rectangularity [28], sa-
rectangularity [13, 20], r-rectangularity [9], and k-rectangularity [18]. Ambiguity-averse MDPs treat
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the uncertain kernel as a random variable, so that the return of a policy is itself a random variable, and
a risk measure is used to aggregate the random return into a scalar objective [1]. It has been shown
that ambiguity-averse MDPs encompass many MDP variants, such as robust MDPs, multi-model
MDPs [25], and percentile optimization [4, 5].

In this paper, we establish key structural properties of robust and ambiguity-averse MDPs that allow
for stationary and deterministic optimal policies. Specifically, our main contributions are as follows.

1) For Robust MDPs, where the return is evaluated as the worst case over an uncertainty set, we fully
characterize the class of uncertainty sets that guarantee the existence of uniformly optimal stationary
policies. Specifically, we show that s-rectangularity is equivalent to the existence of uniformly
optimal stationary (randomized) policies, while sa-rectangularity is equivalent to the existence of
uniformly optimal stationary deterministic policies. We complement these characterizations with
some instructive examples and counterexamples: in particular, we exhibit a simple r-rectangular
instance where optimal policies must be non-stationary, and introduce the classes of component-wise
and trajectory-wise s-rectangularity.

2) For Ambiguity-Averse MDPs, where the return is evaluated using a risk measure, we prove that
any law-invariant risk measure that guarantees uniformly optimal stationary policies must be either
the essential supremum or the essential infimum (i.e., pure optimism or pure pessimism) under mild
continuity assumptions. Notably, this result explains why many standard criteria considered in the
literature, such as multi-model or soft-robust MDPs, do not admit optimal stationary policies.

Overall, our results provide a complete understanding of the class of models that guarantee the
existence of uniformly optimal stationary policies. Our work also clarifies the relation between this
latter property and the dynamic programming principle. Our main conclusion is that going beyond
these models (rectangular uncertainty sets with full pessimism/optimism) requires new techniques and
likely entails giving up uniformly optimal stationary policies. One must then allow either for optimal
stationary policies that depend on the initial distribution, or for uniformly optimal non-stationary
policies, for instance based on sufficient statistics through state augmentation.

Notation. Random variables are represented by uppercase letters with a tilde, such as X or S. We
write L2° for the set of bounded random variables in R with convex support. The probability simplex
over S is denoted by A(S). For vectors v, w € RS, the relation v < w is interpreted component-wise,
i.e., v(s) < w(s) for every s € S. We treat vectors in RS interchangeably with functions S — R.

2 Preliminaries on Nominal MDPs

We begin by briefly reviewing standard (nominal) Markov decision processes (MDPs) to introduce
our notation and the key concepts used throughout the paper. We refer the reader to [21] for more
details.

A (discounted) Markov Decision Process (MDP) is a tuple Mp = (S, A, P,r,~), where S and
A are finite state and action sets, 7 : S x A x S — R is a reward function, P € A(S)S*A
is a transition kernel and v € [0,1) is a discount factor. A history-dependent policy is a map
7 Upen(S x A)™ x & — A(A). The set ITy denotes all history-dependent policies. A stationary
policy only chooses actions based on the current state and can be identified as a function from S to
A(A). A deterministic policy returns Dirac distributions over .A. The sets of stationary and stationary
deterministic policies are denoted by IIs and IIsp, respectively.

The value function V™ € RS of a policy 7 € Ty is defined as the expected discounted return from
each state s € S: V™ (s) = ETP[3°0° A (St, Ay, Siy1)] with ETF denoting the expectation
over the trajectories (S}, /L)teN induced by 7, P when starting in state s € S, and (S't, /L) is the
(random) state-action pair visited at period ¢. Given an initial distribution p € A(S), an optimal
policy is a maximizer of the function m +— p V™" over 7 € IIy. In this work, we study the
following stronger notion of uniform optimality.

Definition 2.1. A policy 7* € Ily is uniformly optimal if it is optimal for each choice of 1 € A(S),
ie,ifVueAS), p'vif = SUPer, 1 V™.

In this paper, we study whether comparable uniformly optimal policies exist in the more general
settings of robust and ambiguity-averse MDPs. This question is motivated by a remarkable property



of nominal MDPs: such policies are always guaranteed to exist (see, e.g., Theorem 6.2.10 in [21]).
This property is important in practice: uniform optimality lets a decision maker deploy the same
policy for any initial distribution ;1 € A(S); stationarity greatly simplifies deployment and analysis
compared with history-dependent rules; and determinism is particularly valuable in sensitive domains
such as healthcare, where transparency and interpretability are essential.

3 Uniformly Optimal Policies in Robust MDPs

In many real-life applications, the transition function P is not known exactly and can only be
estimated approximately. To compute policies that are robust to small changes in the transition
parameters, Robust MDPs (RMDPs) assume that the unknown P belongs to a known uncertainty
set P C A(S)S*A. Formally, a robust MDP is a tuple Mp = (S, A, P, r,7), where S, A, r,  are
defined as in nominal MDPs and where P is the uncertainty set. Once the initial distribution ;1 € A(S)
is given, the goal of the decision maker is to compute a policy that maximizes the worst-case return
7 infpep p! VOF over 7 € TTy.

As in MDPs, we define uniformly optimal policies in robust MDPs as follows.

Definition 3.1 (Uniformly Optimal policy for RMDPs). Given a robust MDP Mp, a policy 7* € Il
is uniformly optimal if for all ;1 € A(S) we have infpep ' V7™ P = SUp ey, infpep p' VL.
In robust MDPs, it is known that uniformly optimal stationary and deterministic policies are guaran-
teed to exist under the following structural assumptions [28].
Definition 3.2 (Rectangularity). An uncertainty set ? C A(S)S*A is:
e s-rectangular if it can be written as a Cartesian product across states, i.e., P = XS cs ‘Ps, where
‘Ps corresponds to the marginal-set for s associated to P:

Py = {(pa)aEA € A(S)A :3P€ P, (Psa)aE.A = (pa)aEA} - A(S)A . (D
e sa-rectangular if it can be written as a Cartesian product across all state-action pairs, i.e., P =
Ps.a, Where P; , corresponds to the marginal-set for s, a associated to P:

Poai={peAS) : AP P, Py =p} CAS). )

X(s,a)ESXA

Equivalence of rectangularity and uniform optimality. Rectangularity plays a central role in
robust MDPs. For convex compact uncertainty sets, the s-rectangularity property is sufficient for the
existence of uniformly optimal stationary policies [28], while sa-rectangularity additionally implies
that these uniformly optimal stationary policies can be chosen deterministic [13, 20]. There have
been efforts to define non-rectangular models of uncertainty that allow for tractable optimal policies,
e.g., k-rectangular models [18], r-rectangular models [9], or (£, n)-rectangular uncertainty [12], but it
is unknown if these sets would yield uniformly optimal stationary policies. Surprisingly, our main
theorems below show that s-rectangularity and sa-rectangularity are the only models of uncertainty
that guarantee the existence of uniformly optimal stationary and stationary deterministic policies,
respectively.

Theorem 3.3. The following assertions are equivalent for any compact convex P and |A| > 2:

(i) For any choice of r € RS*AXS ¢ [0, 1), there exists a uniformly optimal stationary policy 7*:

Vr e RE¥AXS + c10,1), 37" € Ils,Vpu € A(S), inf u'V™ P = inf VoL
' 10D, 3T e lls T A, b A

(ii) P is s-rectangular.
Theorem 3.4. The following assertions are equivalent for any compact convex P and |A| > 2:

(i) For any choice of 1 € RS*AXS aqnd v € [0,1), there exists a uniformly optimal stationary
deterministic policy

Vr e RS*AXS 4 c0,1),37" € Ilsp,Vpu € A(S), inf p' V™ P = inf p'voP
' 7003w e llso, T € AS), -l R

(ii) ‘P is sa-rectangular.

Note that in both theorems V™ is an implicit function of the MDP M p and therefore of 7 and .

It is worth emphasizing that the first characterizations in Theorems 3.3 and 3.4 must hold for every
choice of reward function and discount factor. This requirement is natural, since for particular rewards



or discount factors the problem may become artificially trivial, making the existence of uniformly
optimal stationary policies immediate, for instance when r = 0. From a practical standpoint, our goal
is to address the full class of admissible parameters rather than a few special cases.

A broader question is to characterize the triples (uncertainty set, reward function, discount factor) for
which uniformly optimal stationary policies exist. Some results are available when more structure
is imposed on the rewards: when 7(s, a, s’) only depends on (s, a) and not on s’, several classes of
non-s-rectangular uncertainty sets admit uniformly optimal stationary policies, such as r-rectangular
sets, sr-rectangular sets and several others (see Section 4 in [11] and Section 3 in [16]). Restricting
to less general reward models thus allows for many classes of uncertainty sets that are sufficient for
the existence of uniformly optimal stationary policies, but it becomes difficult to obtain necessary
conditions, which is the main goal of this work.

We provide some intuition for our proofs, as we believe that they shed new light on some important
properties of robust MDPs. For the sake of conciseness, we focus only on the proof of Theorem 3.3
here, and we refer to Appendix A for both detailed proofs. To prove Theorem 3.3, we only need
to prove that the first assertion implies the second (the converse is already known from seminal
papers, e.g., [28]). To do so, we prove that for any non-s-rectangular uncertainty set P, we can find
a choice of rewards r € RS*A*S and discount factor v € [0, 1) such that no uniformly optimal
stationary policy exists. Although Propositions 1 and 2 in [28] show two particular examples of
non-s-rectangular P for which no uniformly optimal stationary policy exists, the main difficulty in
our work is to prove that this remains true for any non-s-rectangular uncertainty set. We proceed by
contradiction.

To this end, we choose v = 0 and use a structural result [11, Theorem 2], which states that for convex
compact P, s-rectangularity is equivalent to the following Simultaneous Solvability Property:

: T
VU € RSXAXS, m argminpep Z P Us #0 . 3)
seS acA
Thus, for 7P non-s-rectangular, there exists U € RSXAXS  quch  that
Nses argminpep > ,c 4 PouUsa = 0. Intuitively, this means that the state-wise worst case

over P cannot be attained simultaneously across all states. For a given 7 € I and i € A(S) the
uniform initial distribution, we compare two “worst-case functions” of 7: Fy; () is a worst case over
P, defined as Fy(m) = minpep D, ) A(s)7(s, a)P,,Usq, and Gf; is a worst case over X_ Ps
(the s-rectangular extension of P) defined as G5, (7) = Y, g fi(s) minpep >, 4 7(s, @) Py, Usq.
We always have Fy > Gf;, and U is chosen so that F;(7) > G¥;(7) for the uniform policy 7. We
use this strict inequality to show that Fy; — G, is non-constant. Then, since Fy;, G, are two concave
functions with non-constant difference, a separation argument based on Fenchel conjugacy (see
Lemma A.1) yields ¢ € RS* such that no policy maximizes both Fy; + (c, -) and G, + (c, -) over
ITs. Now we choose the instantaneous rewards as (s, a, s') = Ugqsr + €50/ f(8). In this case Fyy ()
is the worst-case return minpep i V™F, while G, () is the average of minpep V™ () across
s € S. However, if a uniformly optimal 7* € Ils exists, then it must maximize both Fyy and G,
by optimality for iz and for every Dirac initial distribution d5, which would yield a contradiction.
Therefore, there does not exist a uniformly optimal policy in Is.

It is worth noting that we use v = 0 in our proofs of Theorems 3.3 and 3.4, for which the sets of returns
achievable by policies in IIy and IIs coincide. Therefore, we actually showed the stronger statements
that s-rectangularity is equivalent to the existence of uniformly optimal policies (possibly history-
dependent), and sa-rectangularity is equivalent to the existence of uniformly optimal deterministic
policies (possibly history-dependent). The following corollary summarizes this discussion.

Corollary 3.5. Let P be compact convex and |A| = 2. The following assertions are equivalent:
(i) For any choice of 1 € RS*XAXS ~ € [0,1), there exists a uniformly optimal (resp., uniformly
optimal deterministic) policy.

(ii) ‘P is s-rectangular (resp., sa-rectangular).

Beyond uniform optimality in RMDPs. In light of Theorems 3.3 and 3.4, a natural research
question is to characterize the uncertainty sets that guarantee the existence of optimal stationary
(randomized or deterministic) policies that may depend on the initial distribution (i.e., optimal but
not uniformly optimal). As a first step, we now analyze three such generalizations of rectangularity.



While r-rectangularity has been studied in the literature, the component-wise and trajectory-wise
s-rectangular classes are introduced in this paper, and their analysis is one of our contributions.

A first candidate is the class of r-rectangular uncertainty sets [8, 9] (also named d-rectangularity in
the finite horizon case [17]) that generalizes sa-rectangularity. An uncertainty set P is r-rectangular
if for any P € P and for any s and a, the probabilities Ps, are convex combinations of the same
underlying vectors w'!, ..., w? € A(S) chosen in a Cartesian product. A formal definition is provided
in Section B.1. Under the assumptions that the rewards r(s, a, s’) depend only on (s, a) and are
independent of s’, [9] show that uniformly optimal stationary deterministic policies always exist for
r-rectangular uncertainty sets. Interestingly, we show that this is false in full generality in the next
proposition, even in very simple MDP instances.

Proposition 3.6. There exists a compact convex r-rectangular uncertainty set P with |S| = |A| = 2
and rank d = 1, for which for some choice of rewards r € RS*A*S and initial distribution i € A(S),
an optimal policy must be non-stationary for any choice of v € (0, 1).

The proof of Proposition 3.6 is based on a very simple counterexample with two states and d = 1
(see Figure 1a). The intuition is that the next state in {s1, s } is sampled with distribution (p, 1 — p)
at every period, and the adversary chooses a fixed value for p € [0,1]. A non-stationary decision
maker can “learn” the value of p over time and therefore can strictly improve upon stationary policies.
It is worth emphasizing that existing algorithms for solving r-rectangular models involve (to the best
of our knowledge) optimizing over stationary policies [2, 9, 17]. Yet, our counterexample shows that
this may be strictly suboptimal, even in very simple instances. Given the use of r-rectangular models
for real-life high-stakes healthcare applications [8, 10], this calls for new methods to infer optimal
policies that depend on the initial distribution of the problem at hand.

A second natural candidate we investigate is the class of component-wise s-rectangular uncertainty
sets, i.e., instances where we can partition the set of states into subsets where the transitions are
s-rectangular, while the full uncertainty set may not be s-rectangular; see Appendix B.2 for a formal
definition. An example is given in Figure 1b-1c, withm = 2, S; = {a, b, ¢,d,e} and Sy = {f, g, h},
parametrized by p, p’ € [0, 1]. The uncertainty set obtained by transitions out of S = §; U Sy is not
rectangular because the same parameter p’ € [0, 1] influences the transition out of both states b and f,
but the set of feasible transitions out of states in Sy or out of states in S is s-rectangular. Component-
wise s-rectangular uncertainty sets have the nice property that if we restrict to deterministic initial
distributions, we can recover uniformly optimal stationary policies. However, perhaps surprisingly,
non-stationary optimal policies may still be needed if we allow for randomized initial distributions
that can start across different components of the partition of S (this happens in Figure 1b—Ic if one
starts in a, b or f with probability 1/3 and for a certain choice of rewards, see Appendix B.2).

Proposition 3.7. (i) If P is a compact convex component-wise s-rectangular uncertainty set,
then, for any r € RS*AXS and v € [0,1) there exists 7 € Ils such that for any s € S,

infpep V7P (s) = sup,eq, infpep VP (s).

(ii) There exists a compact convex component-wise s-rectangular uncertainty set P such that for
somer € RSXAXS ~ € [0,1) and p € A(S), optimal policies must be non-stationary.

The last class of uncertainty sets we consider is that of trajectory-wise s-rectangular uncertainty
sets, that is, sets for which the transitions from states visited along any feasible trajectory remain
s-rectangular. We show that this class may also require history-dependent policies, even when the
initial distribution is deterministic. Due to space limitations, we defer the formal statement and its
proof to Appendix B.3.

4 Uniformly Optimal Policies for Ambiguity-averse MDPs

Robust MDPs are known to be overly conservative in many settings. Ambiguity-averse MDPs [1]
aim to mitigate this conservativeness by replacing the worst-case transition kernel of robust MDPs
with an uncertain transition kernel P, which is unknown but constant throughout the execution.
Ambiguity-averse MDPs replace the worst-case objective of robust MDPs with a more general
risk-based objective using a risk measure p : L2° — R. A risk measure generalizes the expectation
operator by penalizing the uncertainty of the random variable [7]. In particular, when p = essinf,
this framework is equivalent to robust MDPs, and when p = esssup, it is equivalent to optimistic
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(a) Rank 1 r-rectangular MDP  (b) Component-wise s-rectangular  (c) Component-wise s-rectangular
with only two states MDP: transitions for action a1 MDP: transitions for action as

Figure 1: An r-rectangular RMDP (Figure 1a) and a component-wise s-rectangular RMDP (Figure 1b—
1c) with two actions {a1, as}. The transition probabilities are indicated above each arc; square states
are absorbing with reward zero. The choice of rewards for the counterexamples of Proposition 3.6
and Proposition 3.7 are given in Appendix B

MDPs. This section answers analogous questions to Section 3; it characterizes the precise conditions
on p that allow for uniformly optimal stationary policies.

Definition 4.1. An ambiguity-averse MDP is a tuple M, = (S, A, v,r,7), where S, A, r,~ are
defined as in nominal MDPs, and v is a probability measure over the set of possible transition kernels.
We denote by M, the set of ambiguity-averse MDPs M,, where v has convex support in A(S)S*A,

Since the transition kernel P ~ v is a random variable, the return p" V™% of a policy 7 € IIy is

itself a random variable (that is o (P)-measurable). The decision maker evaluates it through a risk
measure p : LZ° — R that maps bounded random variables to scalars, and solves:

sup p(uTV”’P) . “4)
w€elly
We can now define uniform optimality exactly as in the nominal and robust cases.

Definition 4.2. A policy 7* € Iy is uniformly optimal if for any p € A(S), we have p(u’ v P ) =
super, p(n' V).

The following product structures play the role of rectangularity for ambiguity-averse MDPs.
Definition 4.3 (Product Structures). A probability measure v over transition kernels A(S)%* has
s-product structure if the random variables (P;)ses are all independent for P ~ v; and sa-product

structure if the random variables (Psq) (s,q)esx.4 are all independent for P ~ v.

Note that if v has an s-product (resp., sa-product) structure, then its support (as a subset of A(S)
is s-rectangular (resp., sa-rectangular).

S><.A)

For specific choices of risk measures p, ambiguity-averse MDPs recover many models of MDPs
capturing uncertainty on the transition kernel. Robust MDPs correspond to the essential infimum [28],
optimistic MDPs to the essential supremum, multi-model MDPs to p = E¥ [25], and percentile
optimization to the Value-at-Risk, i.e., the upper (1 — «)-quantile [4, 5].

Remark 4.4 (Comparison with risk-averse MDPs). In ambiguity-averse MDPs, the kernel P is
random but the objective for each P is the expected discounted return EZ’P [Z:;Og Yir(Se, Ae, Sei1)],s

evaluated through p over the randomness of P. In contrast, risk-averse MDPs [23] assume a fixed

kernel P and apply p directly to ;08 'ytr(gt, Ay, S’H_l), the random return along the trajectory. We
refer to [1] for further discussion.

Properties of risk measures. To fully specify an instance of ambiguity-averse MDPs, we must
choose a risk measure p : L2° — R to evaluate the objective in (4). Several properties of risk measures
have been extensively studied in the literature. We review the most relevant ones and refer the reader
to [7] for an introduction to risk measures and to [1] for their use in MDPs.

Definition 4.5. Let p : L2° — R be a risk measure. We say that p is law-invariant if p(X) = p(Y")
whenever X and Y have the same distribution; monotone if p(X) > p(Y) whenever X > Y

a.s.; translation-invariant if p(X + ¢) = p(X) + ¢ for each ¢ € R; and non-expansive if
p(X) = p(¥)] < | X = Ve forall X, € L.



Note that monotonicity and translation-invariance imply non-expansiveness: for each XY, let
=X —Y|o.50Y =8 < X <Y 46 as., hence p(Y) — 6 < p(X) < p(Y) + 4. For our
purposes we also require a mild continuity notion.

Definition 4.6 (Left and right continuity at constants). A risk measure p is left-continuous (resp.,
right-continuous) at constants if, for each constant ¢ € R and sequence X, 1 ca.s. (resp., X, lec

a.s.) we have p(X,,) — p(c).

Law-invariance, monotonicity, translation-invariance and both left and right continuity at constants
are satisfied by the vast majority of risk measures in the MDP literature, including the expectation E,
the Value-at-Risk VaR,, the Conditional Value-at-Risk CVaR,,, the Entropic Risk Measure ERMg,
and the Entropic Value-at-Risk EVaR,,. Notable risk measures that are not simultaneously left and
right continuous are the essential infimum and the essential supremum, defined for X € LZ° as:

esssup(X) = inf{c € R | X < cas.}, and  essinf(X) :=sup{ceR| X >cas.}.

Both ess sup and ess inf are law-invariant, monotone, and translation-invariant, but ess sup is only
left-continuous at constants (not right-continuous), while ess inf is only right-continuous at constants
(not left-continuous). This asymmetry plays an important role in our characterization theorem below.

Remark 4.7. Left or right continuity at constants is weaker than many common assumptions on
risk measures. In particular, they are implied by continuity in distribution or almost sure continuity,
since they only require convergence along monotone sequences converging to a constant (i.e., a
Dirac mass). It is also worth relating these notions to the Fatou property [6, 7], a common regularity
assumption in risk theory: a law-invariant, monotone risk measure satisfies the Fatou property if it is
lower semicontinuous under almost sure convergence. The essential supremum satisfies the Fatou
property [14], while the essential infimum satisfies the reverse Fatou property.

To analyze the existence of uniformly optimal stationary or stationary deterministic policies for all
MDP instances, we formulate the following formal conditions on the risk measure p:

Condition 1. (Existence of Uniformly Optimal Stationary Policies). We say that a risk measure p
satisfies this condition if there exists a uniformly optimal stationary policy for each M, € M where
v has s-product structure.

Condition 2. (Existence of Uniformly Optimal Stationary Deterministic Policies). We say that a risk
measure p satisfies this condition if there exists a uniformly optimal stationary deterministic policy
for each M,, € M, where v has sa-product structure.

Before diving into our technical results, it is worth contemplating the implications of Conditions 1
and 2. Recall that the uncertain transition kernel P is drawn once from v at time ¢ = 0 and then
remains fixed over time. Therefore, in principle a history-dependent policy © € IIy can use the
observed trajectory (sg, ag, $1, - - - ) to acquire some information regarding the realized value of P
and adapt its action choices accordingly to increase its objective value. In contrast, a stationary policy
7 € IIs must play the same mixed actions in A(A) over time and cannot learn the realization of P.
Requiring a stationary policy to be uniformly optimal means that p is insensitive to this “information
advantage” of history-dependent policies over stationary policies, and it is perhaps surprising in the
first place that Conditions 1 and 2 may be true for some choices of p.

In particular, the fact that p = essinf satisfies Condition 2 follows from [13, 20], and the fact that
p = essinf satisfies Condition 1 follows from [28] (recall that the product structure of v yields
rectangular uncertainty sets in A(S)S*“). The same arguments show the essential supremum
(ess sup) also satisfies both Conditions 1 and 2. The main goal of this section is to inquire whether
other risk measures could satisfy these two conditions. The next lemma shows that Conditions 1
and 2 imply that p “commutes” with the pointwise maximum.

Lemma 4.8. Let p be a risk measure that is law-invariant, monotone and non-expansive.

(i) If p satisfies Condition 1, then, for any m € N and ()N(i)ie[m] € (L2®)™ with convex joint support,

there exists \* € A(m) such that p(z )\ff(l) = p(max()@-)) .
P i€[m]
(ii) If p satisfies Condition 2, then, for any m € N and independent (f(i)ie[m] € (L)™, we have

max p(X'Z) = p(l.max(f(i)) .

i€[m)] i€[m)]



>

Lemma 4.8 is proved by constructing an “explore then exploit’
ambiguity-averse MDP example, presented in Figure 2. The MDP
example is built such that the agent can only choose an action a;
in {ai,...,a,} from state Start, which has the effect of giving

a random return of X; (via transitioning to Win or Lose and
returning to Start). A history-dependent policy can first “explore”
to get empirical estimates of these unknown realizations of the
random variables X1, ..., X,,, and then “exploit” by committing
to the empirically optimal action. Asymptotically, this dynamic Figure 2: MDP instance for
exploration yields a random return of max{X;}. Conversely, a proving Lemma 4.8. Each arc
stationary policy is forced to fix A € A(m) (the probability to s |abeled by the pair (transi-
play each action q; in state Start) and obtain a random return of tion; reward) for each action a;.
iy NiXi

Condition 1 implies that at least one stationary policy must perform at least as well as any history-
dependent exploration scheme, yielding (i). To obtain (ii) we use the fact that uniformly optimal
stationary policies can be chosen deterministic, i.e., A; = 1 for some i € [m].

Under mild continuity assumptions, Lemma 4.8 allows us to completely characterize the risk measures
that satisfy Condition 1 or Condition 2, as we show in the next theorem.

Theorem 4.9. Let p be a risk measure that is law-invariant, monotone, non-expansive, normalized
(i.e., p(c) = cfor any ¢ € R) and either left- or right-continuous at constants. The following
assertions are equivalent:

(i) p satisfies Condition 1, (ii) p satisfies Condition 2, and (iii) p € {essinf, esssup}.

The proof of Theorem 4.9 relies on applying Lemma 4.8 to an increasing number of independent
copies Xy, ..., X;, of a random variable X. This yields that p(max;c(,,,) X;) = p(X) while, as
m — +00, MaXe[m) X, converges almost surely to the constant random variable ess sup(X ) € R,
so that (ii) and left-continuity readily imply that p(X) = esssup(X) for each X € L2°. The proofs

for right-continuity are less straightforward but rely on similar ideas, using random variables ?L.(m) for

)

which max;e [, Yi(m is distributed as X, in which case Yi(m) decreases to ess inf (X' ) as m — oo.

We emphasize that Theorem 4.9 rules out the existence of uniformly optimal stationary policies for all
the usual choices of risk measures beyond ess sup and ess inf, e.g., for expected utilities or distorted
means [7, 26], or for classical ambiguity-averse models such as percentile optimization (p is the
value-at-risk [5]) and multi-model MDPs (p is the expectation over some kernels [3, 25]). In particular,
for multi-model MDPs with infinite horizon, this question was unanswered. It is also interesting to
note that a single counterexample (the MDP from Figure 2) can disprove the existence of uniformly
optimal stationary policies across all risk measures simultaneously (except p € {esssup, essinf}).

On the product-form assumption. Conditions 1 and 2 only involve distributions v with s- or sa-
product structure, which excludes correlated uncertainty across states and actions. This is deliberate:
product structures are “favorable” assumptions, in the sense that they aim at allowing as many
risk measures p as possible, and yet only ess inf and ess sup remain possible under them. Indeed,
under any weaker structural assumption on v (e.g., block-wise or weakly correlated structures), the
implication “uniformly optimal stationary policies exist = p € {essinf, ess sup}” would still hold,
since the resulting class of instances contains the s-product case and Lemma 4.8 (i) would still apply;
however, the converse would fail. For p = essinf, the objective only depends on the support of v,
and Section 3 shows that uniformly optimal stationary policies exist for all  and y only when this
support is s-rectangular. Thus, weakening the product assumption cannot yield additional admissible
risk measures, and may even rule out these two extreme cases.

Stronger impossibility results. The “explore then exploit” counterexample of Figure 2 reveals that
the impossibility results of Theorem 4.9 above remain valid under two weaker assumptions:

(1) From stationary to Markovian policies. The set of Markovian policies 11\ is the set of policies that
choose their actions based only on the current observed state and time period. For our counterexample
in Figure 2 (where only the decisions at Start have consequences), the return of any Markovian
policy can be achieved by a stationary policy when starting at Start. Indeed, any Markovian policy



Table 1: Overview of our results for the existence of uniformly optimal policies for robust MDPs
and ambiguity-averse MDPs. v'means “existence for every instance of the class, for all ,v”; X
means “non-existence for some particular instance”. The component-wise s-rectangular model and
the trajectory-wise s-rectangular model are defined formally in Section B. Robust MDPs: P compact
convex; the first two columns are characterizations. Ambiguity-averse MDPs: p as in Theorem 4.9, v
with s-product (sa-product for the first column).

Uniformly optimal stationary Optimal stationary for each

Model deterministic randomized p € A(S) deterministic 1 Results
Robust MDPs

sa-rectangular P v v v v Thm. 3.4
s-rectangular P X v v v Thm. 3.3
component-wise s-rec. P X X X v Prop. 3.7
trajectory-wise s-rec. P X X X X Prop. B4
r-rectangular P X X X X Prop. 3.6
Ambiguity-averse MDPs

p € {essinf,esssup} v v Thm. 4.9
p ¢ {essinf, esssup} X X X X Thm. 4.9

can be characterized by a sequence (\;)ien € A(m)Y of decision rules at each period and its return
is also achieved by the stationary policy that corresponds to A = Y, . v2* (1 — 42) Aoy € A(m).

(ii) From uniform to u-dependent optimality. In the “explore then exploit” MDP of Figure 2, even
if we were to start in Win or Lose, we would first obtain no reward at period ¢ = 0, then transition
to Start after one period. Therefore, Theorem 4.9 still holds if we only require the existence of an
initial distribution p for which there exists an optimal stationary policy (possibly dependent on ).

To summarize this discussion, even the existence of a Markovian optimal policy for some initial
distribution forces pure optimism or pure pessimism. This is stated rigorously in the next corollary.

Corollary 4.10. Let p satisfy the assumptions of Theorem 4.9. If for any M,, € M, where v has
s-product structure, there exists an initial distribution p € A(S) for which an optimal Markovian
policy exists (possibly dependent on ), then, p is the essential supremum or the essential infimum.

5 Discussion

Connection to dynamic programming. Intuitively, the dynamic programming equations imply
that the optimal value function is the fixed point of a monotone contracting operator, so that optimal
value functions dominate the value functions of any other policies component-wise, which implies
in particular that we can find optimal policies that are optimal starting from any initial distribution.
Under certain classical assumptions, our results highlight interesting connections between dynamic
programming and the existence of uniformly optimal stationary policies. For RMDPs, it is shown
in [11] that dynamic programming principles for evaluating the worst-case return of a policy as a
fixed point of some contracting operators are equivalent to s- and sa-rectangularity, which, by our
Theorems 3.3 and 3.4, are also equivalent to the existence of uniformly optimal policies with desirable
properties (stationary and deterministic). For ambiguity-averse MDPs, the authors in [1] study the
dynamic programming equations and completely characterize when (4) can be solved by computing
the fixed point of a contracting (ambiguity-averse) Bellman operator. In particular, Theorem 4.4 in [1]
shows that among law-invariant, monotone risk measures, dynamic programming holds if and only
if p is the essential infimum or essential supremum. This mirrors our Theorem 4.9, albeit we use a
slightly different set of assumptions (we need left- or right-continuity, as well as non-expansiveness).

Overall, our main results show that existence of the dynamic programming equations is equiva-
lent to the existence of uniformly optimal stationary policies for RMDPs (a condition on P) and
ambiguity-averse MDPs (a condition on p). We refer to Appendix D for the rigorous statements.
Our results additionally identify when algorithm design can restrict the optimization problem to
stationary policies: they specify when stationary-policy optimization is theoretically justified, and
when algorithms built on these assumptions can fail.



Results for robust vs. ambiguity-averse MDPs. There is an asymmetry in our main results from
Sections 3 and 4. For RMDPs, we can in fact characterize the existence of uniformly optimal policies,
even without assuming stationarity (see Corollary 3.5), and the distinction between randomized and
deterministic uniformly optimal policies yields the distinction between s- and sa-rectangularity. In
contrast, for ambiguity-averse MDPs, our characterization results rely more on the “adaptive” nature
of optimal policies (history-dependent, Markovian or stationary) rather than their uniform optimality
(Corollary 4.10), and our conclusions are the same whether assuming determinism or not.

Beyond uniformly optimal stationary policies. Our work fully settles the questions of the ex-
istence of uniformly optimal stationary policies for MDPs under epistemic uncertainty. Table 1
summarizes our results. If we insist on requiring uniformly optimal stationary policies, then we must
use s- or sa-rectangular uncertainty sets (for robust MDPs), and we must use the essential supremum
or infimum as a risk measure (for ambiguity-averse MDPs). From these strong characterization
results, one can relax the uniformity or stationarity requirement, or restrict the instance class:

* Non-uniformly optimal stationary policies. We can search for stationary optimal policies that
may depend on the initial distribution. We are not aware of any “non-trivial” models of uncertainty
sets or risk measures for which robust MDPs and ambiguity-averse MDPs would have this property
(beyond rectangular models of uncertainty and p € {essinf,esssup}). We may also accept uniform
optimality only across deterministic initial distributions (for instance); the class of component-wise
s-rectangular models has this favorable property, and it would be interesting to find other such models.

* Uniformly optimal non-stationary policies. We can optimize for uniformly optimal non-stationary
policies. It would be interesting to find models where the non-stationarity is “limited,” e.g., where the
decisions may depend only on a small number of sufficient statistics (rather than the full history).

» Smaller instance universe. We may also decide to work on a strict subset of MDP instances, e.g.,
we may want to consider rewards that only depend on the current state-action pair but are independent
of the next state; in this case, many uncertainty sets yield uniformly optimal stationary deterministic
policies (including r-rectangularity, see Section 4.1.2 in [11]). Understanding what other types of
constraints yield the same properties is an interesting next step.

Limitations. Our assumptions in this paper are standard. For RMDPs, convexity and compactness
are natural when uncertainty sets are built from confidence regions or distance-based neighborhoods
around empirical transition estimates. For risk measures, monotonicity and translation-invariance
yield the well-studied class of monetary risk measures. Non-law-invariant risk measures have been
studied in sequential decision-making (e.g., nested risk measures [23]) but are more difficult to
interpret. We derive all our results for the case of static kernels, where the transition probabilities
remain fixed over time. Studying RMDPs with time-varying kernels [11, 27] and ambiguity-averse
models with resampled kernels (Definition 3.2 in [1]) is an interesting next step. As mentioned in
the discussion following Theorem 3.4, characterizing the triples (uncertainty set, reward function,
discount factor) for which similar optimal policies exist is an important direction for future work.
Finally, we only consider finite state and action spaces. Our impossibility results carry over to any
broader class of models that contains finite state spaces as a special case. Analogous analysis for
robust MDPs with countably infinite or continuous state spaces remains relatively scarce (continuous
state spaces were only very recently considered [15]) and falls beyond the scope of this paper.

6 Conclusion

This paper characterizes the conditions under which uniformly optimal stationary policies exist
under epistemic uncertainty. For robust MDPs, s-rectangularity is both sufficient and necessary for
their existence, while sa-rectangularity plays the same role for stationary deterministic ones. For
ambiguity-averse MDPs with static kernels, we provide an impossibility result: under mild continuity
assumptions, any law-invariant, monotone and non-expansive risk measure compatible with the
existence of uniformly optimal stationary policies must coincide with the essential supremum or
essential infimum. Overall, we highlight that the existence of uniformly optimal stationary policies is
a defining feature of robust and optimistic MDPs with rectangular uncertainty sets, which naturally
suggests some new research directions, including designing models of uncertainty and objectives that
allow for optimal stationary policies that depend on where the process starts or that would allow for
simple history-dependent policies (e.g., relying on a small number of sufficient statistics).
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A Proofs of Theorems 3.3, 3.4, and Corollary 3.5

Proof of Theorems 3.3 and 3.4. The implications from rectangularity to the existence of uniformly
optimal policies are known: the s-rectangular case follows from [28], and the sa-rectangular de-
terministic case follows from [13, 20]. We prove both converse implications simultaneously by
contraposition.

Let |A| > 2, and let P be compact and convex. The case |S| = 1 is immediate (any singleton is
s-rectangular, and the set of policies becomes a singleton itself), so we assume in the following
|S| > 2. Fix g € {s,sa}, assume that P is not g-rectangular, and take v = 0.

Step 1: choice of U from SSP. By the Simultaneous Solvability Property [11, Theorems 2 and 4],
there exists U° € RS*AXS gsych that the corresponding intersection of minimizers is empty:

ﬂ argminpcp Z PlLU, =0, q=s,

s€S acA )
m argmin pep Ps aUga =0, q=sa.
(s,a)ESx.A
Let i = Fll(l’ ..., 1) be the uniform initial distribution. For U € RS*4*S_define the following
functions Fy; : IIs — R and Gf; : IIs — R:
-
) =min > fi(s) D 7(s,0) P, Usa, 6)
s€S acA
Z a(s mm Z m(s,a) P, Us, q=s,
__ ) seS H.G.A (7)
Z,u Z sa)glelnP oUsas ¢ =sa.
s€ES acA

Note that Fi(r) is minpep o' V™F, while Gf(r) is minp_p i’ V™ for P the g-rectangular
extension of P. In particular,

Fy(m) —GE(r) =20, VU e RS*A*S v ¢ Ils,
and, for 7 the uniform policy, Equation (5) gives

Fyo(T) — G{o(T) > 0.
We now prove that U can be chosen so that F; — G‘{J is not constant on ITs. We inspect two cases:

» If this already holds for U°, take U = U°.

* Otherwise, Fyyo — G, is a strictly positive constant (it is strictly larger than 0 by evaluating
at 7). Fix a; € A and define

Usa, = U?

s,a1”)

Use =0 fora+#as.
For the deterministic policy 7! : s + a,
(Fy — Gh)(') = (Fyo — Gh)(') > 0,

whereas (Fy — G¥;)(72) = 0 for any deterministic policy 72 : s — as with as # a;.
Hence, in both cases, Fyy — GqU is not constant on Ilg.

Step 2: choice of rewards. We use the following separation lemma.

Lemma A.1. Let X C R? be a convex compact set. Let f, g be two continuous concave functions. If
f — g is not constant, then there exists a linear function £ : X — R such that

(argmax, ¢ v {g(x) + £(x)}) N (argmax, c 1 {f(z) + £(2)}) = 0.
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We apply this lemma to X = IIs C RS*A f = Fy;,g = GY,. Note that Fy;, GY, are concave
continuous functions as pointwise minima of linear functions, and we have chosen U in Step 1
precisely so that Fyy — G?J is not constant. Therefore, there exists ¢ € RS*A such that

argmax, . {G{, (7) + (¢, m)} Nargmax, .y {Fy(m) + (¢, m)} = 0. 8)
We pick the rewards as follows:
Cg
r(s,a,8) = Usqsr + ——, V(s,a,8') € Sx AxS.
: (s)
For every m € Ils, this gives
F — inf ~Ty m,P
v(m) +{e,m) = inf o V™7, ©)
fi(s) inf 5] V™F =
y %u(é’) jnf 67V, q=s,
w)+ {e,7m) =< % o 10
VT S ) Y w0 ok TV, g = 1
€
sES acA

where 7% denotes the deterministic policy that always selects action a.

Step 3: the two conclusions. We now conclude separately for Theorem 3.3 and Theorem 3.4.
Conclusion for Theorem 3.3. Take ¢ = s and suppose that a uniformly optimal stationary policy
w* € Il exists. Its optimality for & and (9) imply

7* € argmax, cp A Fu(m) + (¢, m)}.

Uniform optimality also implies that 7* maximizes inf pep 3] V™% for every s € S. By the first
case of (10),
ﬂ-* € argmaXﬂEHS{G?] (W) + <Cv 7T>}7

contradicting (8). Thus, if P is not s-rectangular, there is a choice of  and  for which no uniformly
optimal stationary policy exists. This proves the converse implication in Theorem 3.3.

Conclusion for Theorem 3.4. Take ¢ = sa and suppose that a uniformly optimal stationary deter-
ministic policy 7* € IIgp exists. As above, optimality for i implies that 7* maximizes Fyy + {c, -).
Moreover, uniform optimality and v = 0 imply, for every s € S,

*(s) € inf ] V7L,
™ (s) € argmax,c.4 jnf 6]
The second case of (10) therefore yields
7" € argmax, r {Gy (7)) + (¢, M)},

again contradicting (8). Thus, if P is not sa-rectangular, there is a choice of  and ~ for which no
uniformly optimal stationary deterministic policy exists. This proves the converse implication in
Theorem 3.4. O

We now prove the separation lemma used in the proof above. The intuition behind this lemma comes
from Theorem 24.9 in [22], which states that a closed proper convex function is determined up to an
additive constant by its subdifferential mapping. In the proof below, the convex functions at hand are
the conjugates ¢* and ¢* of — f and —g¢ (restricted to X’), whose subdifferentials at ¢ are exactly the
sets of maximizers of f + ¢'x and g + ¢' x over X’: if these subdifferentials always intersect, then
¢* and ¥*, hence f and g, must differ by a constant.

Proof of Lemma A.1. Let

¢p=—f+ix
Y=—-g+x

with ¢ the indicator of X: 1y (z) = 0if z € X and vy (x) = 400 otherwise.
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Then ¢, v are proper lower semicontinuous convex functions with conjugates finite everywhere: for
c € R% we have
* _ T
0" (c) = max f(z) + ¢
* _ T
¥ (c) = maxg(z) +c 'z
and, from Fenchel equality, for ¢*, ¥* the conjugate functions of ¢, 1) we have
d¢*(c) = argmax f(z) +¢' x
zeX
OY*(¢) = argmax g(z) + ¢' =
zeX

Therefore, we want to show that we can find ¢ such that 9¢*(c) N 9*(c) = 0. Assume on the
contrary that d¢* (c) N OY*(c) # O for all ¢ € RY. Since ¢*,1)* are finite convex Lipschitz functions,
the Rademacher theorem implies that they are differentiable almost everywhere, and at every point
c € R? where both are differentiable, we must have V¢*(c) = V/*(c). Thus ¢* — 1 is a Lipschitz
function which has gradient zero almost everywhere. Therefore, there exists some constant & € R
such that ¢* = ¢* + «. Taking the conjugates on both sides of this identity gives ¢ = 1) — «, which
in turn yields that — f = —g — «, i.e., that f — ¢ is a constant function on X', which contradicts the
assumption of the lemma. O

Proof of Corollary 3.5. The fact that (ii) implies (i) is well known [13, 20, 28]. To prove that (i)
implies (ii), we just need to show that if P is not s-rectangular (resp. sa-rectangular), we can construct
r € RS*A%S and v € [0, 1) such that no policy (resp. deterministic policy) is uniformly optimal
across all u € A(S).

We use the fact that the proofs of Theorems 3.3 and 3.4 are carried out with v = 0. In this case the
discounted return depends only on the one-step transition, so the sets of achievable returns coincide.
Indeed, for v = 0 we have, for any policy 7 € II and any P,

7w, P s 7, P R 1 Q . , /
VTr(s) = Igrelgy]Es [T(So,AQ,Sl)] = ;Ielg) ;ﬂ(s,a) ZE:SPSMS r(s,a,s),

which depends only on the one-step action distribution at s. Hence for any history-dependent 7 € IIy
there exists a stationary 7 € IIg with

7(s,) = (), )
where (s) is the history so far. This policy yields
VTP(s) =V™P(s), VseS§,
and the same reasoning applies to deterministic policies.
Finally, when y = 0:
(VPP iqg ey} ={V™" 7 €ls},and {V™F .7 clpup} ={V™" : 7w cTlsp}. (11)

Assume P is not s-rectangular (resp. not sa-rectangular). By the contrapositive direction of Theo-
rem 3.3 (resp. Theorem 3.4), there exists a reward r and a discount factor v (indeed one may take
~ = 0) for which no uniformly optimal stationary policy exists (resp. no uniformly optimal stationary
deterministic policy exists). If a uniformly optimal history-dependent policy (resp. history-dependent
deterministic policy) existed for that specific (r,y = 0), then by Equation (11) there would also
be a uniformly optimal stationary (resp. stationary deterministic) policy, a contradiction. Hence no
uniformly optimal history-dependent policy (resp. history-dependent deterministic policy) exists for
that (r,y = 0), which concludes the proof. O

B Beyond s- and sa-rectangularity

We collect the definitions and proofs for the three non-s-rectangular and non-sa-rectangular families
discussed in Section 3. The goal is to show that each of these classes can break stationary optimality,
even though they preserve interesting structures.

15



B.1 r-rectangularity

We begin with r-rectangularity, which generalizes sa-rectangularity by allowing transitions to be
convex combinations of shared factors and refer to [9] for more discussion on r-rectangular models.

Definition B.1 (r-rectangularity). An uncertainty set P C A(S)S*4 is r-rectangular of rank d if
there exist sets Wi, ..., Wa C A(S) and (us,0)(s,a)esx.a € A(d)S* such that,

d
P = (Zuéwﬂ) s Vield, w'eWyp
i=1 (s,a)eSxA

e, P € P if and only if there exists (w!,...,w?) € W; x --- x Wy such that P =
d i
(Zi=1 Usq W )(s,a)ESX.A'

We now show that this structure is insufficient to guarantee stationary optimality in general, by
constructing a minimal counterexample.

Proof of Proposition 3.6. Consider the r-rectangular MDP from Figure la with two states S =
{s1,s2} and d = 1. In this case, the next state is sampled i.i.d. at every period following the
distribution w = (p, 1 — p) € A(S), with p € [0, 1] the probability that the next state is s;. Consider
the case of two actions: A = {a1,a2}, and p € [0, 1]. Assume that we start in state s; : u = Js, .
The rewards are given as

r(s1,a1,81) = 0,7(s1,a1,82) = —1
r(s1,a2,81) = —1 ,7(s1,0a2,82) =1
( ) =

r(s2,a1,81) = —1,7(s2,a1,52) =0

7(s2,az,51) = 1,7(s2,a2,52) = —1.

The intuition for the decision maker facing this choice of rewards is the following. In s;, we would
choose a; if we think we are going to stay in s;, otherwise we would choose as. Similarly, in ss,
we would choose a; if we think we are going to stay in ss, otherwise we would choose as. The
adversary chooses p € [0, 1], which controls whether the next state is in s (with probability p) or
so (with probability 1 — p). It is straightforward to show that the best stationary policy is to choose

m(s1,a1) = 2/3,7(s2,a1) = 2/3 with a worst-case return of —gﬁ

Now consider the following history-dependent policy: in the first two periods we match the best
stationary policies: at ¢ = 0 play 7(s1,a1) = 2/3, at t = 1 play optimal stationary again, then for
t > 2: if S (state visited at period 1) is equal to s; then play forever 7(s1,a1) = 1,7(s2,a2) =1
(that is, we bet that p > 1/2, and that we will often “stay” if in s; and “move away” if we are in s3)
otherwise S; = s, and play forever 7(sq, ag) = 1,7(s2,a1) = 1 (that is, we bet that p < 1/2, and
that we will often “move away” if in s; and “stay” if in s2).

For this history-dependent policy, we can compute the worst-case return as —% -3 - (1 7), which

is larger than the best worst-case return for a stationary policy computed above. This shows that
non-stationary policies strictly outperform stationary ones in this small example. O

B.2 Component-wise s-rectangularity

We next consider component-wise s-rectangularity, where the uncertainty set is s-rectangular within
each closed component of the state space but may be non-rectangular globally.

Definition B.2 (Component-wise s-rectangularity). An uncertainty set P C A(S)S*4A

wise s-rectangular if we can partition S as S = U S; where, for each i € [m)]:

is component-

1. §; C Sis aclosed subset of states under any transition probabilities in P, i.e.,

Vijeml\{i},V(s,¢) €SixS;,VPePVa€ AP,y =0.

2. The set Ps, := {(Psq)sesi,acA | P € P} of transitions out of S, is s-rectangular.
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The next proof illustrates that, despite s-rectangularity within each component, global non-
rectangularity can still force non-stationarity for optimal policies.

Proof of Proposition 3.7. (i) Let P be a convex compact component-wise s-rectangular uncertainty
set. Let 7 € RS*AXS and v € [0,1). Let s € S and u = J,. From the component-wise s-
rectangularity assumption, we know that s € S; for some ¢ € [m] and some subset S; C S that is
closed under any P € P. Let 7 € IT4. Then we note that the function P +— V7™ (s) only depends
on the S;-th components of P, since S; is closed under any P € P (we recall that a set of states
is closed for a Markov chain if a Markov chain starting in this set stays in this set with probability
1). Since Ps, (as defined in Definition B.2) is s-rectangular, we get that there exists an optimal
stationary policy 7s, : S — A(A) that remains optimal starting from anywhere in S, i.e. for any
€ {ds | s € S;}. Now this policy ms, must also assign actions to states outside of S; but these
actions are irrelevant if we start in S; (since we never reach the states outside of S; where we would
have to choose these actions). Therefore we can restrict s, to a map S; — A(A) instead of a map

S — A(A).

Now consider the policy 7* such that for each i € [m] and s € S; we have 7*(s) = 7s, (s), with 7,
constructed in the previous paragraph. By construction this policy is an optimal policy for each choice
of deterministic initial distribution p € {J; | s € S}, which concludes the proof of this statement.

(ii) Consider the instance in Figure 1b—1c with the following rewards:

r(b,a1,d) =1, r(b,a1,e) = —1
T(faalag):_la r(f,al,h):—l
T(f,CLQ,g):—l, T(f,GQ,h):l.

All the remaining rewards are 0. The rewards are summarized in Table 2. We parameterize policies 7
by 7 = (e, B1, B2, B3, B1) € [0,1]° , with

* « the probability to choose a; in state a.

* (31 the probability to choose a; in state b, if the history is (a, a1, b).
* [35 the probability to choose a; in state b, if the history is (a, ag, b).
* [35 the probability to choose a; in state b, if the history is (b).

* 34 the probability to choose a; in state f, if the history is (f).

Note that we can always choose 1 = 52 = 3 € [0, 1]. Here we write R,, (7, p,p’) € R for the scalar
value 1" V™ with P the transition probabilities induced by the choice of p,p’ € [0, 1].

The case i1, = 1. In this case we have
Ru(mp.p) =7 -p- (- (Bi(2 = 1)+ (1= B1)-0)
+(1—a) (22 — )+ (1= 5,)-0))
=9p(20 —1)- 8,
for 8 = 31 = fa.

Minimizing over p, p’ we get that for 1, = 1 we have that the worst-case transitions and optimal
policies are

p'=0,p=1,8=0,supinf R,(m,p,p") =0.
© PP

The case i, = 1. In this case we have
R}L(ﬂ-7p7p/) = 53(2]7/ - 1)
so that we have that the worst-case transitions and optimal policies are

P’ =0,p€0,1],83 = 0,sup inf R(m,p,p’) =0.
T PP
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Table 2: Non-zero rewards in the MDP

instance from Figure 1b—1c Table 3: Optimal policies for various choices of

initial distributions in Figure 1b—1c with rewards

edge reward | proba as in Table 2. “/” means any value in [0, 1].

b d 1 !
(b’al’ ) R A 1 p [P [B][Bs] B
( , 41, 6) p —1 1 0 0

71 1 — 7 :u‘(l - / /
(fa ay, g) p =1 0 0
( , A1, h) —1 p/ Ho / / /
(f a9 g) 1 o py=1 / 1 / / /
(:QQ:h) 1 1*]?, :ua:/*‘b:/"le/?) / / 0 1 0

The case ;1 = 1. In this case we have
Ry(m,p,p') = —Ba+ (1= Bs)- (1= 2p') .
The worst case is attained for p’ = 1 which always yields a worst-case return of —1. Therefore the

worst-case transitions and optimal policies are
p'=1,p€0,1], 84 € [0,1],sup inf R, (7,p,p') = —1.
w PP’

The case 1, = f1p = py = 1/3.  Consider the initial distribution 1 € A(S) with p1q = p1p = py =
1/3. Then the discounted return of a policy 7 is

3-Ry(m,p,p') = Rs,(m,p,p') + Rs, (m,p,p") + Rs, (7, p,p')
=9p- (20 =B+ 8320 — 1) = Ba+ (2 = 1)(Ba— 1) .
Note that this function is bi-affine in (p, p’) so the minimizers over (p,p’) are always attained in
{(0,0),(1,0),(1,1),(0,1)}, for which we get
3 Ru( ,0,1) =—14 55

(7T71>0) =+1—8— 53— 2B

R, (m,0,0) =+1— 3 — 20,4

R,(m,1,1)=—-14+B3+708 .
Note that R, (7,0,0) > R, (7r7 1,0) and R, (7, 1,1) > R,(m,0,1) so the worst-case return of a
policy 7 is

mfR (T, 0, D ):%min{ﬁ3—171—’yﬁ—63—2ﬁ4}. (12)

Now we note that for any  we have R,,(7,0,1) = £ (83 — 1) < 0 therefore sup, inf p R(m, P) < 0.
So any policy 7 that achieves infp R, (7, P) = 0 is optimal.

If (12) is equal to O then we must have 53 = 1. In this case we must have 1 — 83 — v8 — 284 =

—v8—284 = 0sothat § = 84 = 0. Therefore, the set of optimal policies is {(«, 0,1,0) | o € [0, 1]},

containing only Markovian policies, and no stationary policies can be optimal. This is true for any
€ (0,1). We summarize the analysis in the next table (Table 3).

What makes this example work is the following (see Table 2):

(a) The decision maker is aiming for a policy 7 that achieves a worst case of 0

(b) By choosing 84 = 0, the decision maker forces the adversary to hedge at h = f: p’ gives —1,
1 —p gives +1

(c) By choosing 83 = 1, the decision maker forces the adversary to hedge at i = b, with opposite
odds compared to starting in h = f: p’ gives 1, 1 — p’ gives —1

(d) By choosing 8 = 0, the decision maker forces a payoff of O (which is the best one can hope for),
whereas if they had chosen /3 = 1 this would break the exact tensions between odds at h = f
and h = b. In particular if we choose 8 = 1 we would have that the adversary is hedging again
at b, with p’ giving 1 and 1 — p’ giving —1. So the adversary has more incentives to choose
p’ = 0, and the decision maker would obtain a negative total return.

O
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B.3 Trajectory-wise s-rectangularity

We conclude with trajectory-wise s-rectangularity, which weakens s-rectangularity only along feasible
trajectories. An uncertainty set P is trajectory-wise s-rectangular if the set of feasible transition
probabilities for the states visited along any feasible trajectory over S induced by a kernel in P is
s-rectangular. The definition below formalizes this restriction and the proposition shows that history
dependence can still be necessary.

Definition B.3 (Trajectory-wise s-rectangularity). A set P C A(S)S*4 is trajectory-wise s-
rectangular if for any ¢ € N, any trajectory h = (sg, ag, - . . , $¢) with Hi;lo Ps_4,s,,, > 0forsome
P ¢ P, the restricted uncertainty set Ps, C A(S)S»*4 over the visited states S, = {so, ..., 5} is
s-rectangular.

Even this trajectory-restricted notion of rectangularity is not enough to recover stationary optimality,
as shown by the following construction.

Proposition B.4. There exists a compact convex trajectory-wise s-rectangular uncertainty set P C
A(S)S*A such that for some choice of rewards r € RS*A*S and deterministic u € A(S), optimal
policies must be non-stationary for any choice of v € (0, 1).

Proof of Proposition B.4. We build upon the instance in Figure 1b—1c. From the proof of the second
item of Proposition 3.7, we know that if we start with probability 1/3 in a, b, or f, then an optimal
policy must be non-stationary. Now consider the following trajectory-wise instance: the sets of states
and actions are in Figure 1b—Ic, but there is an additional start state that transitions to each state
in {a, b, f} with probability 1/3 (for both actions a; and az). The rewards are the same as for the
proof of Proposition 3.7. Assume that we deterministically start in state start. Then the return is
the same (up to a multiplicative scalar v € (0, 1)) as in the counterexample for the second item of
Proposition 3.7, and therefore an optimal policy must be chosen non-stationary for this trajectory-wise
s-rectangular uncertainty set. O

C Proofs for Section 4

This appendix presents the proofs for the ambiguity-averse setting. We begin with a short lemma
relating two notions of monotonicity used in the proof of Theorem 4.9. We then prove Lemma 4.8
via an explore-then-exploit construction. Finally, we prove the impossibility theorem (Theorem 4.9)
and Corollary 4.10 on Markovian optimal policies.

Lemma C.1. Let p be a law-invariant risk measure. Then the following are equivalent:

1. pis monotone: X >Y a.s. = p(X) > p(Y).

2. pis monotone w.r.t. the usual stochastic order:

[VteR, PX>6)>PF >1)] = p(X)>n(¥).

Proof. From Theorem 1.A.1 in [24], X dominates Y in the usual stochastic order (which we denote
by X >, Y)ifand only if there exist two random variables X', Y defined on the same probability
space such that X, X’ have same law, Y, Y’ have same law and X’ > Y” (to construct such random
variables it suffices to evaluate the same uniform random variable in the right-continuous inverses of
both cumulative distribution functions). Evaluating in p concludes the proof.

O

Note that, under law-invariance, a direct consequence of Lemma C.1 is that the increase (resp.
decrease) needed to apply left-continuity (resp. right-continuity) at constants can be chosen in
terms of the usual stochastic order. In other terms, if p is law-invariant and left-continuous (resp.

right-continuous) at constants and (Yn)neN is increasing (resp. decreasing) in the usual stochastic
order and converges to a constant ¢, then p(Y;,) — p(c).
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Proof of Lemma 4.8. Let p be a risk measure that is law-invariant on L2°(RR), monotone and non-
expansive.

Let X 1. ,X,’n € L2 whose joint law has convex support in R"”. There exista > 0 and b € R

such that X; := (X! —b)/a € [0,1] as. forall i € [m]. We compare the best stationary (or stationary
deterministic) policy with a simple explore-then-exploit policy in the MDP of Figure 3.

a;: (X; @+ b1 —7r?)

a;: (1 =X;b(1—y?)

Figure 3: MDP instance for proving Lemma 4.8. Each arc is labeled by the pair of
transition and reward for each action a;.

MDP construction. Consider the ambiguity-averse MDP M with S = {Start, Win, Lose} and
A={ay,...,an}. From Start, taking action a; transitions to Win with probability X; and to Lose

with probability 1 — X;. Both Win and Lose deterministically transition back to Start in one step.
Rewards are given only on the transition out of Start: taking a; yields reward (a + b)(1 — 42) with

probability X; and b(1 — ~?) otherwise; all other transitions carry zero reward. Thus every reward is
collected at even times 2¢ (the system returns to Start at odd times), and the odd time steps contribute
no reward. This lets us write the total discounted return as a sum over even indices only.

Explore-then-exploit policy. Define the policy 7, as follows:
(i) for each i, play a; during epochs ¢t = (i — 1)n,...,in — 1 (i.e., at times 2t)
(i) compute an empirical estimate X;, then commit forever to the action with the highest
estimate.
When computing the highest estimate, ties are broken by a fixed rule f : R™ — {1,...,m} with
F((xi)iepm)) € arg max; x;.

Using notation X := (Xi)ie[m] and X := (Xi)ie[m], we write the discounted sums over even times
and the random return for policy 7, is

0 in—1
Rn = Z’y%b(l - 72) + E Z Z 7 1Start a; 52t+1 Wm)
t=0 i=1t= n
+ a(l — ’}/2) (f(X Z 'Y ILStart a1(52t+1 Wm) X]
% t=mn
>b+0+a(l-2)Y Y »y?ﬂE[ = i) Istart.a, (Sar41 = Win) ‘ X}
i=1t=mn
_ b+afy2m”Z]P’<f(X') =i X’) X,
i=1

where the last equality comes from the fact that the two indicators are independent random variables:
1(f(X) = 1) depends on what happened during the exploration phase (epochs t = 0, ..., mn — 1)

while Lsiart,q; (S2:41 = Win) depends on what happens during the exploitation phase (at epoch
t > mn).
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Let o be the (random) permutation such that Xg(l) > 2> Xc,(m). Then
Ry 2 b+ ay®™ 3 P(o(i) = F(X) | X) Ko
i=1

Define gaps Kj = Xa(l) - Xa(j) with £m+1 := +00, so that
m ~ ~
1= ZH(AJ < g, Aj+1 > 6) .
j=1

Hence

m

Ryzb+ay S 1(8;<e, A >) Y P (f(X) = o(i) | X) Xt

j=1 i=1

> b+a’y2m”Z]l(5j <e Ay > E)Zp(f(X) =o(i) | X) Xo(i)

j=1 i

m J
>0+ ay®™ Y 1A <e, Ajpr > ) P (f(X) = o(i) | X) (Xoy—e)"

j=1 i=1
> b+ ay? (Ko — )t D 1B, <5 R > o) (1= Y P(1(X) =0 | X)),
Jj=1 i=j+1

where 7 := max(z,0) and we used that, on {KJ <eh Xowy = (X —e)F fori < j.

By Hoeffding’s inequality, for any ¢ € {j + 1,...,m},
P(f(X) = (i) | X) <P (V< m, Xo > Xog | X)

<P (Xa(i) > Xa(l) | X)
A2
< €xp <n2]+1> ’

m
R, >b+ay"""( X,y — )t Z]I(Aj <e, Ajy1>e¢) (1 —(m— j)e—"€2/2) _

j=1

SO

We now choose for the rest of the proof v = e~/ "’ ande = n~Y 3, and define

Zn=b+ aeme/”(Xa(l) — 73T x
Z]l(ﬁj <3, £j+1 >n~l/3) (1 —(m — j)e*"w/z) .

j=1

Because I_Igf”zl{ﬁj <&, Ajy1 > e} = Qis a finite disjoint union, Xa'(l) € [0,1], and |z — (z —
e)*| < ¢, we have

5 = 0%y + 0 Zalloo < 0 mas (700 4 [1 = =202 (1— (e 2)]) 0.
JjeEm

Then, since R,, > Z,, > aXU(l) + b —0p = Max;e[m) X{ — 8, a.s., and both R,, = V”mP(Start)

(a continuous function of the kernel) and max; X — ¢, (a continuous function of (X7);) belong to
L?°, monotonicity and non-expansiveness give

p(Ry) > p(max X{) — 6, — p(max X{) . (13)

€[m] i€[m]
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Conclusion if p satisfies Condition 1. Because p satisfies Condition 1, every policy 7, is dominated
by a stationary policy. Stationary policies can be represented by a decision rule A € A(m) that
achieves a return

oo m m
p <Z PEY N (b(l —7%) +a(l - ﬁ&)) =p (Z AiXi’) :
t=0 i=1 i=1
so Condition 1 implies that for any n,
sup p <Z AZX{) > p(Rn) - (14)
Then, from Equations (13) and (14), we get

sup p NXD ) > p(max X{) ,
AEA(m) (; i€[m]
and, by monotonicity, this inequality is an equality

sup (Z Ai ) = p@% X) : (15)
=1

AEA(M

Finally,

m

Z()\i - \)X]

=1

<

)

p(i AZX;) _ p<fj A;X;)
=1 i=1

SO A — P(E;L AZX{) is continuous and attains its supremum at some A\* € A(m), which

oo

combined with Equation (15) concludes the proof.

Conclusion if p satisfies Condition 2. If X Toeen X /. are independent, because p satisfies Condi-
tion 2, every policy m,, is dominated by a stationary deterministic policy that always chooses one
action a; at Start.

Thus, if the X { are independent, Condition 2 implies that for any n,

max p (X7) > p(Ra) | (16)

i1€[m)]

and from Equations (13) and (16), we get

max p (XZ’)

i€[m]

WV

p (max X! ) .
i€[m]
By monotonicity this inequality is an equality
max p (f(l') = p(max X{) .
i€[m] i€[m]
O

Remark C.2. The statement for Condition 2 can also be obtained using only two actions and an
induction argument, which we do not present since the m-action version is required anyway when
assuming Condition 1.

We now leverage the properties established above to characterize the only risk measures compatible
with the existence of uniformly optimal stationary (or stationary deterministic) policies. In the proof
below, when p satisfies Condition 1 (Parts III-IV), we use Lemma 4.8—(i) only for independgnt random

variables. Concretely, we rely on the fact that for any m € N and any independent (X;);c[m €
(LS°)™, there exists \* € A(m) such that

X | = X .
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Because independence is assumed, the same identity also follows from Lemma 4.8—(ii) when p
satisfies Condition 2. Hence the arguments in Parts III-IV remain valid under Condition 2. We
nevertheless include the deterministic-case proofs separately in Parts I-II since they are simpler and
more transparent.

Proof of Theorem 4.9. As mentioned in Section 4, the fact that (iii) implies both (i) and (ii) is well
known [13, 20, 28]. We now prove that (i) implies (iii) and that (ii) implies (iii).

Throughout, assume p is law-invariant, monotone, non-expansive, and normalized (i.e., p(c) = ¢ for
all c € R).

Part I: left-continuity and Condition 2 implies p = esssup. Assume Condition 2 and left-
continuity at constants.

Let X € L°(R) be arbitrary. Let (X;);>1 be i.i.d. copies of X, and define

Y, := max X; .
1

By Lemma 4.8—(ii), we have for every n > 2:

p(}}n) = p(X) .

Let M :=ess sup(f( ). Since X is bounded and M is the supremum of its support, Y,, + M almost

surely as n — oo (it can be proven easily using the convergence in distribution of Y,, to M). By
left-continuity at constants and normalization,

p(Yn) - p(M) =M.
Since p(Y,,) = p(X) for all n, we conclude p(X) = M = esssup(X).

Part II: right-continuity and Condition 2 implies p = essinf. Assume Condition 2 and right-
continuity at constants.

Let X € L2°(R) be arbitrary, and denote m := ess inf(X) and M := esssup(X), and let F be the

CDF of X. For each n € N*, we define an) as i.i.d. random variables with CDF F}, : & — F(z)'/"
(it exists as F''/™ is still a non-decreasing right-continuous function with limits 0 and 1 at 00).

By construction, max;y ZNi(") has the same distribution as X , so by Lemma 4.8—(ii) and law-
invariance, we have for every n > 2:

p(Z") = max p(Z{")) = p(max Z{"™) = p(X) ,

i<n i<n
where the first equality comes from the fact that the Zi(") are i.i.d. and law-invariance.

Then, the sequence (Zin))ngl converges in distribution to m, which is a constant. We also have
that the sequence (Z fn))n% is decreasing in the usual stochastic dominance. By right-continuity at
constants and normalization,
>(n) _
p(Z) = plm) =m .

Since p(an)) = p(X) for all n, we conclude p(X) = m = essinf(X).

Part I1I: left-continuity and Condition 1 implies p = esssup. Assume that p satisfies Condition 1
and is left-continuous at constants.

Let X € L°(R) be arbitrary, and denote m := essinf(X) and M := esssup(X). If M = m,
monotonicity directly gives p(X) = M, so we can assume M > m. Lete € (0, M — m). Because

M—e< M,wehavep =P(X > M —¢) > 0.

Let V; ~ (M —m —¢) - Beta(1, %) an i.i.d. sequence of random variables.

By construction E[V;] = (M —m — E)HM% < pe.

pe
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By Lemma 4.8—(i), there exists \(") € A(n) such that,

(e 3oA00) = s g (e AT = ()
i=1 AEA(n) P Py
and we define S,, = 3", )\En)ffi.

Then, we have,

+Sy<m+e+(M-m-e)lg .
X>m +(M—=m—e)lg .-

We see that the indicator on the first line is a Bernoulli random variable with parameter

E[S.) _ E[Vi]

€ €

P(S, >¢) < <p,

while the indicator on the second line is a Bernoulli random variable with parameter p.
Therefore, we have the following usual stochastic dominance:
m+ Sy <se+ X,
which by monotonicity of p and Lemma C.1 gives
p(m+S,) < p(X +e) .

By non-expansiveness we also have p(X +¢) < p(X) + ¢, so

p(m+8,) < p(X) +e.

Then, by construction, for any n € N,

p(m—i—gn):p(m—&-m[a,)](f/i)—)m—&—M—m—E:M—s,
i€[n

by left-continuity and normalization.

Finally, we have proved that for any € > 0,
p(X) > M — 2,

o} p(X' ) = M and by monotonicity this inequality is an equality.

Part I'V: right-continuity and Condition 1 implies p = essinf. Assume that p satisfies Condition 1

and is right-continuous at constants.

Let X € L2°(R) be arbitrary, and denote m := ess inf(X) and M := esssup(X). We denote by F

the CDF of X — m.

For each n € N*, we define (ﬁ(n))ie[n] as i.i.d. random variables with CDF F,, : z — F(z)'/™ (it

exists as F''/™ is still a non-decreasing right-continuous function with limits 0 and 1 at +00).
particular, we have F,(0~) = 0 and F,,((M —m)*) = 1so Yl(n) € [0, M — m] almost surely.

As in the previous part, we take A(") the optimal weights from Lemma 4.8—(i) and S,

S A™Y ™ n particular, we have for any n,

p(X) = plm + max ") = p(m + 5.,

Then, we have

M—m
E[3,] = E[7{™)] = / (1= F@)/™)dz =0,
0

where the limit comes from the Dominated Convergence Theorem (F(z)'/™ — 1 for all

(0, M —m)).
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Let now € > 0, we have

G o (1)
. E[S,] E[Y,
pn:]P(Sn>E)< [f]:%%07

and we define ¢,, = supy,, px a non-increasing sequence such that for any n, ]P’(S’n > ) < ¢n.
Because p,, — 0, we also have ¢, — 0.

For each n such that @ < 1, we define V,, € [0, M — m] a random variable with CDF
w € [0, M —m] s (1 - Mminy 4 48u eV, is a mixture of 6y and Unif([0, M — m))).

In particular, V,, | 0 in distribution (the decreasing part is with respect to the usual stochastic

dominance) so p(V,,) — 0 by right-continuity at a constant and normalization.

Finally,

M —m — 5)]1\7,L>1v17m75 )
so because ]P(Vn > M —m — ¢) = g, > pn, we have the following usual stochastic dominance

m—|—§n <3t6+m+‘~/n s
and by monotonicity,

p(X)=p(m+S,) < p(m+V, +e) 5> m+e.

This holds for any £ > 0 so p(X) < m and by monotonicity this is an equality.
O

We now show that the existence of a Markovian optimal policy for some initial distribution already
forces p to be esssup or essinf.

Proof of Corollary 4.10. Let p be law-invariant, monotone, non-expansive, normalized, and either
left or right-continuous at constants. Assume that for any ambiguity-averse MDP M,, € M, with
s-product structure, there exists some initial distribution x for which an optimal policy can be chosen
Markovian (possibly depending on p). Note that this assumption is strictly weaker than uniform
optimality: we do not require a single policy to be optimal for all .

Letm € Nand let X Toeen ,f(,’n € LZ° be independent. For each n > 1, consider the explore-then-

exploit MDP of Figure 3, built from (X;);c[m) as in the proof of Lemma 4.8, with discount factor
V== e V" Let K = max(|b|, |a + b]), so that X! € [b,a + b] C [~ K, K] almost surely.

Step 1: Markovian optimality to stationary optimality. This MDP has a single decision state
Start, and every visit to Start is followed by a deterministic return to Start in one step. Any Markovian
policy € Ty is therefore fully described by a sequence of mixing weights (\);>0 € A(m)N at
Start. When starting at Start, the state Start is visited at even times 2k, so the return equals
p (Z LCEEDDY A&)X{) = (Z W&‘) , A=Y (=) € A(m),
k=0 i=1 i=1 k=0

which is exactly the return of the stationary policy that plays action a; with probability A(*) at Start.
Hence, for this MDP:

sup p (V’T’IS(Start)) = sup p (i AJC) = sup p (V”’ﬁ(Start)) .
i=1

m€lly AEA(m) rells
More generally, let i € A(S) and ¢, := pstare + 7V(twin + fiLose) € [7,1]. When starting from

Win or Lose, the state Start is visited at odd times 2k + 1, where 7 uses the decision rules Aoy 1.
Therefore

WV = e S AO R+ (i + irose) 3 AO KL = ¢, 3 AD R
i=1 i=1 =1
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where A2 := 3722 0 2*(1=92) Aakt1 € A(m yand A := (1stare A+ (Bwin+ LiLose)A°) Jcp € A(m).
Since | Y2, AW X!| < K, we get |uTV™F — S AD X! || < (1 —c¢,)K < (1 —7)K, and non-
expansiveness yields, for any 1 € A(S),

sup p (,uTV”’P) < sup p <Z)\ X) (1-~9)K . (17)

mellm AEA(m)

Step 2: shift from any p to Start. Let 7, be the explore-then-exploit policy of the proof of
Lemma 4.8. Because the MDP transitions deterministically from Win and Lose to Start in one step,
the return for policy ,, from any p decomposes into an even-time contribution (starting at Start) and
an odd time-step contribution (starting at Win or Lose):

MTVﬂmP = MStar‘tVﬂmP(Start) + v (pwin + MLose)Vﬂ-mP(Start) = cuvﬂn’P(Start) )

where V7P (Start) is the return when starting from Start, that exactly corresponds to R, in the

proof of Lemma 4.8. Since V””“P(Start) € [b, a + b] almost surely and ¢,, € [7, 1], we obtain that
for any p

[TV P P (Start) | < (1-)K

In particular, plugging v, = e~/ "2, we have from the proof of Lemma 4.8 (see (13)) that

p(V™P(Start)) > p(max;em) X/) — §,, with 8,, — 0, so by non-expansiveness:

p(pTV™E) > p(V P (Start)) — (1— e /™)K > p(max X!) — 6, — (1 —e V™)K .

1€[m]
Note that this intermediary result holds for any n > 1 and u € A(S).

By assumption, we also have that for any n there exists u,, such that a Markovian policy is optimal
when starting from p,,. Thus,

sup p(MIV”f’) p(u V™) > p(max X1) = 6, — (1— e /") | (18)
melly i€[m)]

Then, adding (17) applied with = p,, and v = 7, gives

sup p (ZA X) > sup p (Mn v P) (1—e ™)K

AEA(M) i=1 mEllm
> P(m[aX]X ) =6, —2(1—e K
1em
—n P (max{X{})
1€[m]

m

SO SUP A (m) P (Zi:l )\15(1’) > p (maxie[m] {)N(l’}), and by monotonicity, this inequality is an
equality.

As in Lemma 4.8 the supremum over \ is attained by continuity of A — p (ZZL )\15(1’)

Step 3: conclude as in Theorem 4.9. The remainder of the proof is identical to the one of
Theorem 4.9: left-continuity at constants forces p = ess sup, and right-continuity at constants forces
p = essinf. O

D Connection with Dynamic Programming

This appendix revisits dynamic programming in the nominal, robust, and ambiguity-averse settings,
and connects the fixed-point principles in the literature to our results on uniformly optimal stationary
policies. In the nominal case, Bellman evaluation and optimality always hold. In the robust and
ambiguity-averse cases, by contrast, these principles can fail unless additional structure is imposed.
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D.1 Dynamic Programming for Nominal MDPs

We recall the standard Bellman operators for a nominal MDP with kernel P and reward r. For a
stationary policy 7 € Ils, define the Bellman operator

(T™Fv)(s) := Z (s, a) Z Py (r(s,a,s") +yv(s")), veRS.
acA s'eS
Similarly define the optimal Bellman operator

(TPv)(s) :== sup (T™"v)(s) =max Y Psqs(r(s,a,s) +y0(s)) .
mells acA s'eS

For nominal MDPs, the following properties hold:

+ Bellman Evaluation Principle. For any stationary policy 7 € IIs, the value function V™% is the
unique fixed point of 7™,

* Bellman Optimality Principle. The optimal value function V' = (sup,.cpy, V™% (s))ses is the
unique fixed point of 7.

These principles not only certify optimality but also guarantee algorithmic tractability: 77 and T
are monotone ~y-contractions in the sup norm, which underpins value iteration, policy iteration, and
linear programming [21].

D.2 Dynamic Programming for Robust MDPs

In robust MDPs, the Bellman principles do not hold automatically. The obstruction is the interaction
between the infimum over P and the recursive structure of the value function. This is precisely where
rectangularity becomes essential.

For an uncertainty set P, define the robust value of a policy 7 € IIy by V™7 =
(inf pep V™F(5))ses, and, for 7 € IIs, the robust Bellman operators

(T P0)(s) = (T7)(s) (T70)(s) = sup (T P)(s).

We can now adapt the nominal Bellman principles to the robust case:

* Robust Bellman Evaluation Principle. For any stationary policy m € Ils, the robust value
function V™% is the unique fixed point of 77 .

* Robust Bellman Optimality Principle. The optimal robust value function V*% =
(super, V™7 (s))ses is the unique fixed point of 7.

The robust Bellman evaluation principle holds for all rewards and discounts if and only if P is
s-rectangular. This is the main tractability result in [11]. Combining it with our uniform optimality
characterization (Theorem 3.3) yields the following equivalence.

Proposition D.1 (Equivalence for robust evaluation). Let P be a compact convex uncertainty set and
|A| > 2. The following assertions are equivalent:

(i) For every choice of (r,7), the robust Bellman evaluation principle holds.
(ii) For every choice of (r,), there exists a uniformly optimal stationary policy.

(iii) P is s-rectangular.

Proof. By Theorems 1 and 2 in [11], (i) and (iii) are equivalent. By our Theorem 3.3, (ii) and (iii) are
equivalent. O

Comment on sa-rectangularity. Using Theorems 3 and 5 in [11], a parallel statement can be made
for sa-rectangularity and stationary deterministic optimality by replacing 7" with another contracting
operator.
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D.3 Dynamic Programming for Ambiguity-Averse MDPs

Fix a risk measure p and an ambiguity-averse MDP M,, where v has s-product structure. For a policy

m € Iy, define the ambiguity-averse value function V™" = (p(V”’IS(s)))seg and, for 7 € Ils, the
operators

(T™0)(s) = p (T™F0)(s)) . (T*0)(s) i= sup (T™"v)(s) .
wells

If p is monotone and non-expansive, then 77" is a monotone y-contraction in the L> norm. Hence
for each stationary policy m € Ils, ™" and T" admit unique fixed points, and policy and value
iteration algorithms converge exactly as in the nominal case.

We now present the ambiguity-averse analogues of Bellman principles:

* Ambiguity-Averse Bellman Evaluation Principle. For any stationary policy 7 € Ils, the
ambiguity-averse value function V™" is the unique fixed point of 77",

* Ambiguity-Averse Bellman Optimality Principle. The optimal ambiguity-averse value function
VY = (sup,em, V™" (8))ses is the unique fixed point of 7.

Theorem 4.4 in [1] proves, for law-invariant monotone risk measures and static kernels with s-
product structure, that the evaluation and optimality principles hold for all such MDPs if and only if
p € {essinf, esssup}. Combining this with our Theorem 4.9 yields the following equivalence.

Proposition D.2 (Equivalence for ambiguity-averse DP). Let p be law-invariant, monotone, non-
expansive, normalized (i.e., p(c) = c for any ¢ € R), and either left- or right-continuous at constants.
The following assertions are equivalent:

(i) For every M,, € M, with s-product structure, the ambiguity-averse Bellman evaluation
principle holds.

(ii) For every M,, € M with s-product structure, the ambiguity-averse Bellman optimality
principle holds.

(iii) For every M,, € M with s-product structure, there exists a uniformly optimal stationary
policy.

(iv) p is either essinf or ess sup.

Proof. By Theorem 4.4 in [1], (i), (ii) and (iv) are equivalent. By our Theorem 4.9, (iii) and (iv) are
equivalent. O
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